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Abstract
All types of 4-point spheric conformal blocks in both sectors of N = 1 superconformal
field theory are introduced and analyzed. The elliptic recurrence formulae are derived for
all the types of blocks not previously discussed in the literature. The results are used for
numerical verification of the crossing symmetry of some 4-point functions in the N = 1
superconformal Liouville field theory.
PACS: 11.25.Hf, 11.30.Pb
Introduction
The Liouville field theory (LFT) is one of the most important examples of 2 dimensional
non-rational conformal field theories. Its numerous applications range from the 2-dim quan-
tum gravity and matrix models [1, 2] through D-brane dynamics in string theory [3] to the
recently discovered AGT relation [4]. The exact analytical expression for the Liouville struc-
ture constants was first proposed by Dorn and Otto [5] and independently by Zamolodchikovs
[6]. The proposal was motivated by an analytic continuation of the 3-point functions per-
turbatively calculated within the Coulomb gas approach. Another derivation of the DOZZ
formula based on functional relations for structure constants was presented by Teschner in
[7].
In principle any n-point function in the Liouville theory is given by the DOZZ structure
constants and conformal blocks [8]. Such representation however is not unique and the
consistency of the theory requires various decompositions of the same correlator to yield
the same result. In case of a CFT on closed Riemman surfaces the consistency conditions
for all the correlators are satisfied if and only if the 4-point spheric functions are crossing
symmetric and the 1-point toric functions are modular invariant [9]. The first numerical
check of the crossing symmetry of the 4-point functions in LFT was done in [6]. It was based
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on Al. Zamolodchikov’s effective recursive relations for 4-point blocks worked out in a series
of papers [10, 11, 12]. An analytical proof of the crossing symmetry was derived by Ponsot
and Teschner [13, 14] and Teschner [15, 16]. It was recently shown [17] that the modular
invariance follows from the relations between the toric 1-point and the spheric 4-point blocks
[18, 19]. Let us note that the proof of these relations is based on the recursive representations
of both types of blocks [19].
The N = 1 supersymmetric generalization of the Liouville theory is much less devel-
oped. Although the structure constants on closed surfaces have been known for a long time
[20, 21] and certain couplings on bordered surfaces were successfully derived [22] the compu-
tation of all 4-point functions is still an open question. The main reason is that the 4-point
superconformal blocks are much more complex objects than the bosonic ones.
The first complication arises already in the Neveu-Schwarz (NS) sector where the super-
conformal Ward identities determine the 3-point functions up to 2 (rather than 1) structure
constants [23]. This leads to eight types of NS 4-point blocks [24], [25]. The second diffi-
culty comes from the Ward identities in the Ramond (R) sector which are considerably more
involved [26]. A method of finding a proper basis for 3-point blocks and an appropriate
representation of the R fields in terms of chiral vertex operators was presented in [27]. It
was also shown that the correlation functions of 4 R fields decompose into eight types of
corresponding 4-point blocks.
The recursive relations for the NS 4-point blocks were derived by suitable modification
of Zamolodchikov’s method [24], [25]. The more efficient elliptic recursion was proposed by
Belavins, Neveu and Zamolodchikov [28, 29] and derived in full generality in [30]. With the
help of this recursion the bootstrap equations for 4-point functions in the NS sector of N = 1
SLFT were numerically verified [28, 29]. An analytical check of the crossing symmetry in
the NS sector based on the braiding and the fusion properties of the NS blocks was worked
out in [31, 32]. The recursive representations of the eight 4-point blocks corresponding to
correlation functions of 4 R fields were derived in [27].
The aim of the present paper is to extend the analysis of [27] to all types of N = 1
superconformal blocks. This concerns in particular the conformal blocks corresponding to
the correlation functions of 2 NS and 2 R fields. We apply the techniques developed in [27]
in order to find a diagonal representation of an NS superprimary field in terms of vertex
operators acting in the R sector. Such a representation suggests a convenient basis for
the corresponding 3-point blocks. These new 3-point blocks together with those of [24], [27]
constitute a complete set indispensable for defining all types of 4-point superconformal blocks
corresponding to the correlation functions of the R primaries and the NS superprimaries.
These blocks include in particular the 4-point blocks with R intermediate states, which have
not been investigated so far. In all new cases the elliptic recursive relations are derived.
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Using recursive representations for the 4-point blocks we numerically check the crossing
symmetry of correlators of 4 R fields and 2 R and 2 NS fields in N = 1 SLFT. The crossing
symmetry of a correlator of 4 R fields can be seen as a verification of two structure constants
in the R sector [20]. We preform two more checks involving all four SLFT structure constants
and 4-point blocks with NS and R intermediate states. These checks not only test all the
structure constants but also give a strong verification of the definitions and recursive repre-
sentations of all the types of the 4-point blocks involved. This makes the considerations of the
present paper a firm starting point for deriving an analytic proof of the bootstrap equations
in N = 1 SLFT which was one of the motivations of the present work. Another one is a study
of 1-point functions on a torus in N = 1 SLFT and their modular invariance. The recursive
representation of the corresponding 1-point superconformal blocks can be found using the
techniques developed in the present paper. It would be very interesting to check if there
exists a relation between supersymmetric 1-point toric and 4-point spheric blocks similar to
that found in the bosonic case [18, 19].
The organization of the paper is as follows. In the first section we make a brief review of
N = 1 SLFT and introduce our notation. Section 2 is devoted to diagonal representations of
NS superprimary and R primary fields in terms of chiral vertex operators. We collect earlier
results from [24], [27]2 and derive a formula for NS superprimary field in R-R sector. In
section 3 the 4-point blocks corresponding to correlators of 2 NS and 2 R fields factorized on
NS and R states are defined and their recursion representations are derived. These are the
main results of the present paper. In the last section we present the results of numerical checks
of bootstrap equations in three different cases: the correlator of 4 R fields, the correlator of
2 NS and 2 R fields factorized on R states and finally the equation combining correlators of
2 NS and 2 R fields factorized on R and NS states.
1 N=1 Supersymmetric Liouville Theory
The N = 1 supersymmetric Liouville theory is defined by the action:
SSL =
∫
d2z
(
1
2pi
|∂φSL|2 + 1
2pi
(
ψSL∂¯ψSL + ψ¯SL∂ψ¯SL
)
+ 2iµb2ψ¯SLψSLe
bφSL + 2pib2µ2e2bφSL
)
(1)
where b is the dimensionless coupling constant and µ is the scale parameter. The central
charge of the theory is c = 32 + 3Q
2, where Q = b+ 1b is the background charge.
The N = 1 superconformal symmetry is generated by the holomorphic bosonic and
fermionic generators T (z), S(z) (and their antiholomorphic counterparts T¯ (z¯), S¯(z¯)) fulfilling
2We also correct the formula for chiral decomposition of R primary fields in R-NS sector introduced in [27].
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the OPEs [26], [23]:
T (z)T (0) =
c
2z4
+
2
z2
T (z) +
1
z
∂T (0) + . . . ,
T (z)S(0) =
3
2z2
S(0) +
1
z
∂S(0) + . . . ,
S(z)S(0) =
2c
3z3
+
2
z
T (0) + . . . .
The generators have definite parity with respect to the common (left and right) parity oper-
ator:
(−1)F T (z) = T (z) (−1)F , (−1)F S(z) = −S(z) (−1)F .
The space of fields contains two types of fields: the Neveu-Schwarz fields ϕ(zi, z¯i) local
with respect to S(z) and the Ramond fields R(zi, z¯i) “half-local” with respect to S(z). The
“half-locality” of Ramond fields means that any correlation function containing product
S(z)R(zi, z¯i) changes the sing upon analytic continuation in z around the point z = zi.
The locality properties determine the form of the OPEs:
S(z)ϕ(0, 0) =
∑
k∈Z+ 1
2
zk−
3
2 S−kϕ(0, 0), T (z)ϕ(0, 0) =
∑
n∈Z
zn−2 L−nϕ(0, 0)
S(z)R(0, 0) =
∑
m∈Z
zm−
3
2 S−mR(0, 0), T (z)R(0, 0) =
∑
n∈Z
zn−2 L−nR(0, 0)
The fermionic modes together with the Virasoro generators Ln form two independent copies
of the Neveu-Schwarz (for p, q half-integer) or Ramond (for p, q integer) algebra:
[Lm, Ln] = (m− n)Lm+n + c
12
m
(
m2 − 1) δm+n,
[Lm, Sp] =
m− 2p
2
Sm+p,
{Sp, Sq} = 2Lp+q + c
3
(
p2 − 1
4
)
δp+q,[
Ln, L¯m
]
= 0 , [Ln, S¯p] = 0 ,
{
Sp, S¯q
}
= 0.
Each Liouville superprimary NS field φa is represented by an exponential:
φa = e
aφSL , (2)
with the conformal dimension ∆a = ∆¯a =
a(Q−a)
2 . We shall also use the parametrization in
terms of the momentum p:
∆a =
Q2
8
+
p2
2
, where a =
Q
2
+ ip. (3)
The superconformal family of φa corresponds to the tensor product V∆a ⊗ V¯∆¯a of 12Z-graded
representations of the left and the right NS algebra. It contains four Virasoro primaries, φa
4
itself and three descendants:
ψa =
[
S−1/2, φa
]
= −iaψSLeaφSL , ψ¯a =
[
S¯−1/2, φa
]
= −iaψ¯SLeaφSL , (4)
φ˜a =
{
S−1/2,
[
S¯−1/2, φa
]}
= a2ψSLψ¯SLe
aφSL − 2ipiµbae(a+b)φSL
There are two Virasoro primary fields in the Ramond sector represented by
R±a = σ
± eaφSL , (5)
where σ± are the twist operators with the conformal weight 116 . The weights of primary fields
R±a read:
∆[a] = ∆¯[a] =
1
16
+
a(Q− a)
2
.
The OPEs of the R primary fields with the fermionic current take the following form:
S(z)R±a (zi, z¯i) ∼
iβe∓i
pi
4
(z − zi) 32
R∓a (zi, z¯i) + . . . ,
S¯(z¯)R±a (zi, z¯i) ∼
−iβe±ipi4
(z¯ − z¯i) 32
R∓a (zi, z¯i) + . . . ,
where β is related to the conformal weight by
∆[a] =
c
24
− β2, and β = 1√
2
(
Q
2
− a
)
. (6)
We assume that the superprimary fields φa and primaries R
+
a are even with respect to the
common parity operator.
We define the R supermodule W∆ as a highest weight representation of the R algebra
extended by the chiral parity operator (−1)FL :
[(−1)FL , Lm] = {(−1)FL , Sn} = 0 , m, n ∈ Z.
The tensor product W∆ ⊗ W¯∆¯ of the left and the right R supermodules provides a represen-
tation of the direct sum R ⊕ R¯ of the left and the right extended Ramond algebras. In the
Liouville theory however we need an extension of the left and the right R algebras only by
the common parity operator (−1)F = (−1)FL(−1)FR . This can be achieved by reducing the
representation W∆ ⊗ W¯∆¯ to the invariant subspace W∆,∆¯ ⊂ W∆ ⊗ W¯∆¯. For ∆ 6= c24 it is
generated by the vectors
w+
∆,∆¯
= 1√
2
(
w+∆ ⊗ w+∆¯ − i w−∆ ⊗ w−∆¯
)
,
w−
∆,∆¯
= 1√
2
(
w+∆ ⊗ w−∆¯ + w−∆ ⊗ w+∆¯
)
.
(7)
where w+∆, w
+
∆¯
are the even highest weight states in W∆, W¯∆¯ and w−∆ = e
i pi4
iβ S0w
+
∆ , w
−
∆¯
=
e−i
pi
4
−iβ S¯0w
+
∆¯
. This is so called “small representation” [27].
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Correlation functions in N = 1 SLFT are determined by the superconformal Ward iden-
tities up to 3-point structure constants of the four independent types:
C321 =
〈
φ3(∞,∞)φ2(1, 1)φ1(0, 0)
〉
,
(8)
C˜321 =
〈
φ3(∞,∞)φ˜2(1, 1)φ1(0, 0)
〉
,
C±3[2][1] =
〈
φ3(∞,∞)R±2 (1, 1)R±1 (0, 0)
〉
, (9)
They were derived in [20, 21] and read:
C321 =
1
2
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−a
b
(10)
× Υ0 ΥNS(2a1)ΥNS(2a2)ΥNS(2a3)
ΥNS(a−Q)ΥNS(a1 + a2 − a3)ΥNS(a2 + a3 − a1)ΥNS(a3 + a1 − a2)
C˜321 = i
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−a
b
(11)
× Υ0 ΥNS(2a1)ΥNS(2a2)ΥNS(2a3)
ΥR(a−Q)ΥR(a1 + a2 − a3)ΥR(a2 + a3 − a1)ΥR(a3 + a1 − a2)
C3[2][1] =
1
2
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−a
b
(12)
×
[
Υ0 ΥR(2a1)ΥR(2a2)ΥNS(2a3)
ΥR(a−Q)ΥR(a1 + a2 − a3)ΥNS(a2 + a3 − a1)ΥNS(a3 + a1 − a2)
+ 
Υ0 ΥR(2a1)ΥR(2a2)ΥNS(2a3)
ΥNS(a−Q)ΥNS(a1 + a2 − a3)ΥR(a2 + a3 − a1)ΥR(a3 + a1 − a2)
]
where a =
∑3
i=1 ai, Υ0 =
dΥb(x)
dx |x=0 and ΥNS/R [33] denote:
ΥNS(x) = Υb
(x
2
)
Υb
(
x+Q
2
)
ΥR(x) = Υb
(
x+ b
2
)
Υb
(
x+ b−1
2
)
.
The special function Υb(x) was introduced by Zamolodchikovs in [6]. In the strip 0 < Re(x) <
Q it has the integral representation:
log Υb(x) =
∫ ∞
0
dt
t

(
Q
2
− x
)2
e−t −
sinh2
[(
Q
2 − x
)
t
2
]
sinh
(
bt
2
)
sinh
(
t
2b
)
 . (13)
In this paper we are interested in 4-point functions of the R fields and the bootstrap equa-
tions they should satisfy. Restricting ourselves to the R+ fields and the NS superprimaries
we have the following crossing symmetry conditions:〈
R+4 (∞,∞)R+3 (1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
=
〈
R+4 (∞,∞)R+1 (1, 1)R+2 (1− z, 1− z¯)R+3 (0, 0)
〉
(14)
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〈
φ4(∞,∞)R+3 (1, 1)φ2(z, z¯)R+1 (0, 0)
〉
=
〈
φ4(∞,∞)R+1 (1, 1)φ2(1− z, 1− z¯)R+3 (0, 0)
〉
(15)〈
φ4(∞,∞)φ3(1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
=
〈
φ4(∞,∞)R+1 (1, 1)R+2 (1− z, 1− z¯)φ+3 (0, 0)
〉
(16)
and 〈
R+4 (∞,∞)R+3 (1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
(17)
= [(1− z)(1− z¯)]−2∆2
〈
R+3 (∞,∞)R+4 (1, 1)R+2 (
z
z − 1 ,
z¯
z¯ − 1)R
+
1 (0, 0)
〉
〈
φ4(∞,∞)R+3 (1, 1)φ2(z, z¯)R+1 (0, 0)
〉
(18)
= [(1− z)(1− z¯)]−2∆2
〈
R+3 (∞,∞)φ4(1, 1)φ2(
z
z − 1 ,
z¯
z¯ − 1)R
+
1 (0, 0)
〉
〈
φ4(∞,∞)φ3(1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
(19)
= [(1− z)(1− z¯)]−2∆2
〈
φ3(∞,∞)φ4(1, 1)R+2 (
z
z − 1 ,
z¯
z¯ − 1)R
+
1 (0, 0)
〉
.
2 The 3-point blocks
The aim of this section is to collect the formulae for the NS superprimary and the R+ primary
fields written in terms of normalized chiral vertex operators. The strategy is to express 3-
point functions by the structure constants and suitably normalized 3-point blocks. In order
to find such decompositions we will define the chiral 3-forms using the Ward identities for
correlation functions of three fields with an arbitrary number of holomorphic generators. The
NS and the R operators have the following block structure:
ϕ =
[
ϕNN 0
0 ϕRR
]
, R =
[
0 RNR
RRN 0
]
with respect to the direct sum decomposition H = HNS⊕HR of the space of states. Since for
each block there are different Ward identities, it is convenient to investigate these four cases
separately.
The simplest case is that of pure NS sector [24]. The Ward identities for a 3-point function
suggest the definition of the chiral 3-form (anti-linear in the left argument and linear in the
central and the right ones) %NN(ξ3, ξ2, ξ1|z) : V∆3 × V∆2 × V∆1 → C:
%NN(ξ3, Skξ2, ξ1|z) =
k+ 1
2∑
m=0
(
k+ 1
2
m
)
(−z)m (%NN(Sm−kξ3, ξ2, ξ1|z)
− (−1)|ξ1|+|ξ3| %NN(ξ3, ξ2, Sk−mξ1|z)) , k > − 12 ,
%NN(ξ3, S−kξ2, ξ1|z) =
∞∑
m=0
(
k− 3
2
+m
m
)
zm%NN(Sk+mξ3, ξ2, ξ1|z)
7
− (−1)|ξ1|+|ξ3|+k+ 12
∞∑
m=0
(
k− 3
2
+m
m
)
z−k−m+
1
2 %NN(ξ3, ξ2, Sm− 1
2
ξ1|z), k > 12 .
%NN(S−kξ3, ξ2, ξ1|z) = (−1)|ξ1|+|ξ3|+1%NN(ξ3, ξ2, Skξ1|z)
+
l(k− 1
2
)∑
m=−1
(
k+ 1
2
m+1
)
zk−
1
2
−m%NN(ξ3, Sm+ 1
2
ξ2, ξ1|z)
%NN(ξ3, L−1ξ2, ξ1|z) = ∂z%NN(ξ3, ξ2, ξ1|z), (20)
%NN(ξ3, Lnξ2, ξ1|z) =
n+1∑
m=0
(
n+1
m
)
(−z)m
(
%NN(Lm−nξ3, ξ2, ξ1|z) (21)
− %NN(ξ3, ξ2, Ln−mξ1|z)
)
, n > −1,
%NN(ξ3, L−nξ2, ξ1|z) =
∞∑
m=0
(
n−2+m
n−2
)
zm%NN(Ln+mξ3, ξ2, ξ1|z) (22)
+ (−1)n
∞∑
m=0
(
n−2+m
n−2
)
z−n+1−m%NN(ξ3, ξ2, Lm−1ξ1|z), n > 1,
%NN(L−nξ3, ξ2, ξ1|z) = %NN(ξ3, ξ2, Lnξ1|z) +
l(n)∑
m=−1
(
n+1
m+1
)
zn−m%NN(ξ3, Lmξ2, ξ1|z), (23)
where |ξi| = 0 for an even state and |ξi| = 1 for an odd state. The 3-form is set by the
definition up to two independent constants:
%NN(ν3, ν2, ν1|1), %NN(ν3, S− 1
2
ν2, ν1|1). (24)
For the highest weight state ν2 ∈ V∆2 we define the 3-point blocks by:
%NN(ξ3, ν2, ξ1|z) = ρNN,e(ξ3, ν2, ξ1|z)%NN(ν3, ν2, ν1|1) + ρNN,o(ξ3, ν2, ξ1|z)%NN(ν3, S− 1
2
ν2, ν1|1),
ρNN,e/o(ξ3, ν2, ξ1|z) = z∆3(ξ3)−∆2(ν2)−∆1(ξ1)ρNN,e/o(ξ3, ν2, ξ1)
where the indices e, o denote even and odd parity of the 3-point block respectively. The
even part of the block vanishes when ξ3, ξ1 are states of different parity, while the odd part
vanishes for ξ3, ξ1 of the same parity.
The even-even and the odd-odd products of the left and the right constants (24) yield the
two structure constants (8)
C321 = %NN(ν3, ν2, ν1|1) %¯NN(ν¯3, ν¯2, ν¯1|1),
C˜321 = %NN(ν3, S− 1
2
ν2, ν1|1) %¯NN(ν¯3, S¯− 1
2
ν¯2, ν¯1|1).
8
An arbitrary 3-point function of the NS fields with a definite parity is determined by the
Ward identities up to one of the two structure constants:
〈ξ3 ⊗ ξ3|φNN(z, z¯) |ξ1 ⊗ ξ1〉 = C321 ρNN,e(ξ3, ν2, ξ1|z) ρNN,e(ξ¯3, ν¯2, ξ¯1|z¯)
− (−1)|ξ1|C˜321 ρNN,o(ξ3, ν2, ξ1|z) ρNN,o(ξ¯3, ν¯2, ξ¯1|z¯)
Thus the decomposition of the superprimary field φNN in terms of normalized vertex opera-
tors
〈ξ3|VNN,f(ν2|z) |ξ1〉 = ρNN,f(ξ3, ν2, ξ1|z)
reads 3:
φNN(z, z¯) = C321VNN,e(ν|z)⊗ VNN,e(ν¯|z¯)− C˜321VNN,o(ν|z)⊗ VNN,o(ν¯|z¯). (25)
Due to the complicated form of the Ward identities the chiral decomposition of R primary
fields is considerably more involved [27]. In contrast to NS sector any 3-point function
involving R fields with definite parity depends on both R structure constants (9). The chiral
Ward identities defining 3-forms
%NR(ξ3, η2, η1|z) : V∆3 ×W∆2 ×W∆1 → C,
%RN(η3, η2, ν1|z) : W∆3 ×W∆2 × V∆1 → C
have the following form4:
∞∑
p=0
(
n+ 1
2
p
)
zn+
1
2
−p %NR(ξ3, Spη2, η1|z) =
∞∑
p=0
(
1
2
p
)
(−z)p %NR(Sp−n− 1
2
ξ3, η2, η1|z)
−i(−1)|ξ3|+|η1|+1
∞∑
p=0
(
1
2
p
)
(−1)p z 12−p%NR(ξ3, η2, Sn+pη1|z), (26)
∞∑
p=0
(
1
2
p
)
z
1
2
−p %NR(ξ3, Sp−nη2, η1|z) =
∞∑
p=0
(
−n+ 1
2
p
)
(−z)p %NR(Sp+n− 1
2
ξ3, η2, η1|z)
−i(−1)|ξ3|+|η1|+1
∞∑
p=0
(
−n+ 1
2
p
)
(−1)n+pz 12−n−p%NR(ξ3, η2, Spη1|z),
∞∑
p=0
(−n
p
)
z−p−n %RN(η3, Spη2, ξ1|z) =
∞∑
p=0
(
1
2
p
)
(−z)p %RN(Sn+pη3, η2, ξ1|z)
−i(−1)|η3|+|ξ1|+1
∞∑
p=0
(
1
2
p
)
(−1)p z 12−p%RN(η3, η2, Sp−n− 1
2
ξ1|z), (27)
3The vertex decomposition of the other 3 primary NS fields (4) is presented in [24]
4The Ward identities for the Virasoro generators Ln (20)-(23) are the same in all sectors.
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%RN(η3, S−nη2, ξ1|z) =
∞∑
p=0
(
−n+ 1
2
p
)
(−z)p %RN(Sp+nη3, η2, ξ1|z)
−i(−1)|η3|+|ξ1|+1
∞∑
p=0
(
−n+ 1
2
p
)
(−1)n+p z 12−n−p%RN(η3, η2, Sp− 1
2
ξ1|z).
They determine each 3-form up to four rather than two constants:
%NR(ξ3, η2, η1|z) = ρ++NR (ξ3, η2, η1|z)%NR(ν3, w+2 , w+1 |1)
+ ρ+−NR (ξ3, η2, η1|z)%NR(ν3, w+2 , w−1 |1)
+ ρ−+NR (ξ3, η2, η1|z)%NR(ν3, w−2 , w+1 |1)
+ ρ−−NR (ξ3, η2, η1|z)%NR(ν3, w−2 , w−1 |1)
%RN(ξ3, η2, η1|z) = ρ++RN (η3, η2, ξ1|z)%RN(w+3 , w+2 , ν1|1)
+ ρ+−RN (η3, η2, ξ1|z)%RN(w+3 , w−2 , ν1|1)
+ ρ−+RN (η3, η2, ξ1|z)%RN(w−3 , w+2 , ν1|1)
+ ρ−−RN (η3, η2, ξ1|z)%RN(w−3 , w−2 , ν1|1).
Since the R fields correspond to states from the “small representation” (7) eight even products
of the left and the right %NR/RN constants reduce to the two structure constants [27]
C
(±)
3[2][1] =
C+3[2][1] ± C−3[2][1]
2
, (28)
where C±3[2][1] are 3-point correlators of primary fields (9). The mechanism of constants’
number reduction together with the properties of ρıNR/RN suggest the convenient basis for the
3-point blocks in each sector:
ρ
(±)
NR,e = ρ
++
NR ± ρ−−NR , ρ¯(±)NR,e = ρ¯++NR ± ρ¯−−NR
(29)
ρ
(±)
NR,o = ρ
+−
NR ± iρ−+NR , ρ¯(±)NR,o = ρ¯+−NR ∓ iρ¯−+NR
ρ
(±)
RN,e = ρ
++
RN ± ρ−−RN , ρ¯(±)RN,e = ρ¯++RN ± ρ¯−−RN
(30)
ρ
(±)
RN,o = ρ
−+
RN ± iρ+−RN , ρ¯(±)RN,o = ρ¯−+RN ∓ iρ¯+−RN
Using these bases we define the chiral vertex operators:
〈ξ3|V (±)NR,f(z)|η1〉 = ρ(±)NR,f(ξ3, w+, η1|z), 〈η3|V (±)RN,f(z)|ξ1〉 = ρ(±)RN,f(η3, w+, ξ1|z).
In terms of these operators the fields R+NR and R
+
RN have the following diagonal representation
[27]:
R+NR =
C(+)√
2
(
V
(+)
NRe ⊗ V¯ (+)NRe − i V (+)NRo ⊗ V¯ (+)NRo
)
+
C(−)√
2
(
V
(−)
NRe ⊗ V¯ (−)NRe − i V (−)NRo ⊗ V¯ (−)NRo
)
,
(31)
R+RN =
C(+)√
2
(
V
(+)
RNe ⊗ V¯ (+)RNe − i V (+)RNo ⊗ V¯ (+)RNo
)
+
C(−)√
2
(
V
(−)
RNe ⊗ V¯ (−)RNe − i V (−)RNo ⊗ V¯ (−)RNo
)
.
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Let us stressed that RRN are expressed in terms of the vertex operators V
(±)
RN,f
5.
The case of the NS superprimary field in the R-R sector has not been investigated before.
The chiral Ward identities take the form:
%RR(S−nη3, ξ2, η1|z) = (−1)|η1|+|η3|+1%RR(η3, ξ2, Snη1|z)
+
∞∑
k=− 1
2
(
n+ 1
2
k+ 1
2
)
zn−k%RR(η3, Skξ2, η1|z),
∞∑
p=0
(
1
2
p
)
z
1
2
−p %RR(η3, Sp−kξ2, η1|z) =
∞∑
p=0
(
1
2
−k
p
)
(−z)p %RR(Sp+k− 1
2
η3, ξ2, η1|z)
−(−1)|η3|+|η1|+1
∞∑
p=0
(
1
2
−k
p
)
(−z) 12−k−p%RR(η3, ξ2, Spη1|z).
As in the previous two cases the Ward identities determine the 3-form
%RR(η3, ξ2, η1|z) : W∆3 × V∆2 ×W∆1 → C
up to four constants:
%RR(η3, ξ2, η1|z) = ρ++RR (η3, ξ2, η1|z)%RR(w+3 , ν2, w+1 )
+ ρ+−RR (η3, ξ2, η1|z)%RR(w+3 , ν2, w−1 )
+ ρ−+RR (η3, ξ2, η1|z)%RR(w−3 , ν2, w+1 )
+ ρ−−RR (η3, ξ2, η1|z)%RR(w−3 , ν2, w−1 ) ,
ρıRR(η3, ξ2, η1|z) = z∆3(η3)−∆2(ξ2)−∆1(η1)ρıRR(η3, ξ2, η1)
where %RR(w
±
3 , ν2, w
±
1 ) ≡ %RR(w±3 , ν2, w±1 |1). We write φRR in terms of the non normalized
chiral vertex operators
〈η3|VRR,e(ν|z) |η1〉 = %RR(η3, ν, η1|z), η3, η1 of equal parities
〈η3|VRR,o(ν|z) |η1〉 = %RR(η3, ν, η1|z), η3, η1 of opposite parities
in the following form:
φRR(z, z¯) = AVRR,e(ν|z)⊗ VRR,e(ν¯|z¯) +B VRR,o(ν|z)⊗ VRR,o(ν¯|z¯)
Considering the matrix elements of φRR between primary states w
±
∆,∆¯
from the “small rep-
resentation” (7) one can see that eight even products of the left and the right %RR constants
5 In the original paper [27] it was erroneously assumed that the 3-point blocks ρ
(±)
RN,f are conjugated to
ρ
(±)
NR,f . For this reason the recursive relation for the 4-point blocks (5.8),(5.9) in [27] needs correction. The
correct formula for this recursion is given by the equation (62).
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reduce to the two structure constants (28):
C
(±)
[3]2[1] =
1
2
A
(
%RR(w
+
3 , ν2, w
+
1 )± %RR(w−3 , ν2, w−1 )
) (
%¯RR(w¯
+
3 , ν¯2, w¯
+
1 )± %¯RR(w¯−3 , ν¯2, w¯−1 )
)
(32)
+
i
2
B
(
%RR(w
+
3 , ν2, w
−
1 )∓ i%RR(w−3 , ν2, w+1 )
) (
%¯RR(w¯
+
3 , ν¯2, w¯
−
1 )± %¯RR(w¯−3 , ν¯2, w¯+1 )
)
.
In order to express an arbitrary 3-point correlation function in terms of these structure
constants one needs several relations between the normalized 3-forms ρıRR. From the Ward
identities it follows that the 3-forms of the same parity satisfy:
ρ++RR,e(SMw
+, ν, SNw
+) = ρ−−RR,e(SMw
−, ν, SNw−)
ρ−−RR,e(SMw
+, ν, SNw
+) = ρ++RR,e(SMw
−, ν, SNw−)
(33)
ρ+−RR,o(SMw
+, ν, SNw
−) = ρ−+RR,o(SMw
−, ν, SNw+)
ρ−+RR,o(SMw
+, ν, SNw
−) = −ρ+−RR,o(SMw−, ν, SNw+)
for the even number of fermionic operators in both strings: #M + #N = 2N and
ρ+−RR,o(SKw
−, ν, SNw−) = −iρ−+RR,o(SKw+, ν, SNw+)
ρ−+RR,o(SKw
−, ν, SNw−) = iρ+−RR,o(SKw
+, ν, SNw
+)
(34)
ρ++RR,e(SMw
−, ν, SNw+) = −iρ−−RR,e(SKw+, ν, SNw−)
ρ−−RR,e(SKw
−, ν, SNw+) = −iρ++RR,e(SKw+, ν, SNw−)
for #M + #N = 2N + 1. The relations between the 3-forms of different parity have the
following form:
ρ++RR,e(SIw
+, ν, SJw
+) = (−1)#Jρ+−RR,o(SIw+, ν, SJw−)
ρ−−RR,e(SIw
+, ν, SJw
+) = (−1)#J i ρ−+RR,o(SIw+, ν, SJw−)
(35)
ρ−+RR,o(SIw
+, ν, SJw
+) = (−1)#Jρ−−RR,e(SIw+, ν, SJw−)
ρ+−RR,o(SIw
+, ν, SJw
+) = (−1)#J i ρ++RR,e(SIw+, ν, SJw−).
These identities together with the constants’ number reduction (32) allow to write an arbi-
trary matrix element of φRR in the diagonal form:〈
S−I S¯−I¯w
±
∆3,∆¯3
∣∣∣φ2 ∣∣∣S−J S¯−J¯w±∆1,∆¯1〉
= C
(+)
[3]2[1]ρ
(+)
RR,e(S−Iw+3 , ν2, S−Jw
+
1 ) ρ¯
(+)
RR,e(S−I¯w
+
3 , ν2, S−J¯w
+
1 )
+ C
(−)
[3]2[1]ρ
(−)
RR,e(S−Iw+3 , ν2, S−Jw
+
1 ) ρ¯
(−)
RR,e(S−I¯w
+
3 , ν2, S−J¯w
+
1 )
12
for #I + #J = 2N and〈
S−I S¯−I¯w
±
∆3,∆¯3
∣∣∣φ2 ∣∣∣S−J S¯−J¯w±∆1,∆¯1〉
= −i (−1)#J
{
C
(+)
[3]2[1]ρ
(+)
RR,o(S−Iw+3 , ν2, S−Jw
+
1 ) ρ¯
(+)
RR,o(S−I¯w
+
3 , ν2, S−J¯w
+
1 )
+C
(−)
[3]2[1]ρ
(−)
RR,o(S−Iw+3 , ν2, S−Jw
+
1 ) ρ¯
(−)
RR,o(S−I¯w
+
3 , ν2, S−J¯w
+
1 )
}
for #I + #J = 2N+ 1. The basis for the 3-point blocks has the following form:
ρ
(±)
RR,e = ρ
++
RR,e ± ρ−−RR,e, ρ¯(±)RR,e = ρ¯++RR,e ± ρ¯−−RR,e,
(36)
ρ
(±)
RR,o = ρ
+−
RR,o ± i ρ−+RR,o, ρ¯(±)RR,o = ρ¯+−RR,o ∓ iρ¯−+RR,o
Introducing the normalized chiral vertex operators
〈η3|V (±)RR,f(ν|z) |η1〉 = ρ(±)RR,f(η3, ν, η1|z)
the superprimary field can be written in the diagonal form similar to (31):
φRR =
C(+)√
2
(
V
(+)
RRe ⊗ V¯ (+)RRe − i V (+)RRo ⊗ V¯ (+)RRo
)
+
C(−)√
2
(
V
(−)
RRe ⊗ V¯ (−)RRe − i V (−)RRo ⊗ V¯ (−)RRo
)
(37)
Let us note that for the 3-point blocks (36) the relations (33)-(35) imply :
ρ
(±)
RR,o(SJw
−, ν, w+) = ±i ρ(±)RR,e(SJw+, ν, w+) (38)
ρ
(±)
RR,o(w
+, ν, SJw
−) = ρ(±)RR,e(w+, ν, SJw+)
The similar identities are fulfilled by the ρ
(±)
NR,f , ρ
(±)
RN,f [27]:
ρ
(±)
NR,o(ν, w
+, SJw
−) = ρ(±)NR,e(ν, w+, SJw+), (39)
ρ
(±)
RN,o(SJw
−, w+, ν) = ρ(±)RN,e(SJw+, w+, ν),
Finally, we note that the blocks are functions of βi rather than the Ramond weights. It
follows from (33)-(35) that the blocks with opposite signs of βi are related:
ρ
(±)
RR,e(SJw
+
4 , ν3, SKw
+
−β) = ρ
(∓)
RR,e(SJw
+
4 , ν3, SKw
+
β ), (40)
ρ
(±)
RR,e(SJw
+
−β, ν2, SKw
+
1 ) = ρ
(∓)
RR,e(SJw
+
β , ν2, SKw
+
1 ),
and [27]:
ρ
(±)
NR,e/o(SJν4, w
+
3 , SKw
+
−β) = ρ
(∓)
NR,e/o(SJν4, w
+
3 , SKw
+
β ), (41)
ρ
(±)
RN,e/o(SKw
+
−β, w
+
2 , SJν1) = ρ
(∓)
RN,e/o(SKw
+
β , w
+
2 , SJν1)
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3 The 4-point blocks
3.1 Definitions
We shall write the 4-point correlation functions (14)-(19) in terms of the structure constants
and the 4-point superconformal blocks. Let us start by defining the 4-point blocks corre-
sponding to the correlators factorized on NS states. There are four even
Fe∆
[±β3 ±β2
β4 β1
]
(z) = z∆−∆2−∆1
(
1 +
∑
m∈N
zmFmc,∆
[±β3 ±β2
β4 β1
])
, (42)
and four odd
Fo∆
[±β3 ±β2
β4 β1
]
(z) = z∆+
1
2
−∆2−∆1
∑
k∈N− 1
2
zk−
1
2F kc,∆
[±β3 ±β2
β4 β1
]
, (43)
conformal blocks related to correlators of four R primary fields. The coefficients are defined
in terms of matrix elements of chiral vertex operators V
(±)
RN,f and V
(±)
NR,f
6:
F fc,∆
[±β3 ±β2
β4 β1
]
=
∑
|K|+|M |=|L|+|N |=f
ρ
(±)
RN,|f |(w
+
4 , w
+
β3
, ν∆,KM )
[
Gfc,∆
]KM,LN
ρ
(±)
NR,|f |(ν∆,LN , w
+
β2
, w+1 ).
where |f | = e for f ∈ N, |f | = o for f ∈ N − 12 , ν∆,KM is the standard basis in the NS
supermodule V∆, and
[
Gfc,∆
]KM,LN
denotes the inverse NS Gram matrix. In order to clarify
the notation let us stress that the ± signs in front of β2, β3 in the 4-point blocks denote four
different functions of the external parameters βi and are not related to the actual sings of
these arguments. This remark concerns all other types of blocks introduced in this section.
A correlation function of two NS superprimaries and two R primary fields factorized on
the NS states will be expressed by two even blocks:
Fe∆
[
∆3 ±β2
∆4 β1
]
(z) = z∆−∆2−∆1
(
1 +
∑
m∈N
zmFmc,∆
[
∆3 ±β2
∆4 β1
])
,
and two odd blocks
Fo∆
[
∆3 ±β2
∆4 β1
]
(z) = z∆+
1
2
−∆2−∆1
∑
l∈N− 1
2
zl−
1
2F lc,∆
[
∆3 ±β2
∆4 β1
]
where the coefficients are given by:
F fc,∆
[
∆3 ±β2
∆4 β1
]
=
∑
|K|+|M |=|L|+|N |=f
ρNN,|f |(ν4, ν3, ν∆,LN )
[
Gfc,∆
]KM,LN
ρ
(±)
NR,|f |(ν∆,KM , w
+
β2
, w+1 ). (44)
6We have corrected the definition from [27] where the blocks coefficients were written in terms of conjugated
3-point blocks ρ
(±)
NR,|f|
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Let us now turn to the blocks with R intermediate states. There are four even and four
odd 4-point blocks contributing to the correlation function 〈φRRφ〉 factorized on R states:
F fβ
[±β3 ±β2
∆4 ∆1
]
(z) = z∆−∆2−∆1
(
1 +
∑
n∈N
znFn,fc,β
[±β3 ±β2
∆4 ∆1
])
,
where f = e and f = o denote blocks with even and odd intermediate states, respectively. The
even and odd coefficients are defined in terms of the 3-point blocks with the corresponding
parity:
Fn,fc,β
[±β3 ±β2
∆4 ∆1
]
=
∑
|K|+|M |=|L|+|N |=n
ρ
(±)
NR,f(ν4, w
+
β3
, w+β,KM )
[
Gf,nc,∆
]KM,LN
ρ
(±)
RN,f(w
+
β,LN , w
+
β2
, ν1),
where w+β,KM is the standard basis in the R supermodule W∆,
[
Gf,nc,∆
]KM,LN
is the inverse
of the Gram matrix [34, 35] in the subspaces of the f parity. Each parity subspace can be de-
composed into the direct sum of the subspace spanned by the basis vectors containing S0 and
the subspace spanned by all other basis vectors. Blocks of the Gram matrices with respect to
these decompositions are related to each other. This in order implies some relations between
blocks of inverse Gram matrices. Using these relations and the 3-point blocks property (39)
one can show that the odd and the even 4-point blocks are equal:
Foβ
[±β3 ±β2
∆4 ∆1
]
(z) = Feβ
[±β3 ±β2
∆4 ∆1
]
(z).
We shall need two more types of 4-point blocks corresponding to the correlators factorized
on R states 7:
Fn,fc,β
[±β3 ∆2
∆4 ±β1
]
=
∑
|K|+|M |=|L|+|N |=n
ρ
(±)
NR,f(ν4, w
+
β3
, w+β,KM )
[
Gf,nc,∆
]KM,LN
ρ
(±)
RR,f(w
+
β,LN , ν2, w
+
β1
).
Fn,fc,β
[
∆3 ∆2
±β4 ±β1
]
=
∑
|K|+|M |=|L|+|N |=n
ρ
(±)
RR,f(w
+
β4
, ν3, w
+
β,KM )
[
Gf,nc,∆
]KM,LN
ρ
(±)
RR,f(w
+
β,LN , ν2, w
+
β1
).
As in the previous case, due to the properties of 3-point blocks (39) and (38), the odd
coefficients are proportional to the even ones:
Fn,oc,β
[±β3 ∆2
∆4 1β1
]
= 1 i F
n,e
c,β
[±β3 ∆2
∆4 1β1
]
, Fn,oc,β
[
∆3 ∆2
±β4 1β1
]
= 1i F
n,e
c,β
[
∆3 ∆2
±β4 1β1
]
Thus there are four independent even blocks of each type:
Feβ
[±β3 ∆2
∆4 ±β1
]
(z) = z∆−∆2−∆1
(
1 +
∑
n∈N
znFn,ec,β
[±β3 ∆2
∆4 ±β1
])
,
7 Due to clarity we have skipped definition of the rest of 4-point blocks corresponding to correlator of two
NS superprimaries and two R primary fields i.e. Fn,fc,β
[
∆3 ±β2
±β4 ∆1
]
, Fn,fc,β
[
±β3 ∆2
±β4 ∆1
]
. The recursion representation
of these blocks can be found within the universal method discussed in this section.
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Feβ
[
∆3 ∆2
±β4 ±β1
]
(z) = z∆−∆2−∆1
(
1 +
∑
n∈N
znFn,ec,β
[
∆3 ∆2
±β4 ±β1
])
.
The representations of primary fields through the vertex operators (25), (31), (37) imply
the following decompositions of the 4-point correlation functions on the 4-point blocks:〈
R+4 (∞,∞)R+3 (1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
(45)
=
1
2
∫
dp
∑
1,2=±
{
C
(1)
[4][3]pC
(2)
−p[2][1]
(∣∣∣Fe∆p [1β3 2β2β4 β1] (z)∣∣∣2 + ∣∣∣Fo∆p [1β3 2β2β4 β1] (z)∣∣∣2)
}
〈
φ4(∞,∞)φ3(1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
(46)
=
∫
dp
∑
=±
{
C43pC
()
−p[2][1]
∣∣∣Fe∆p [∆3 β2∆4 β1 ] (q)∣∣∣2 − i C˜43pC()−p[2][1] ∣∣∣Fo∆p [∆3 β2∆4 β1 ] (q)∣∣∣2
}
and 〈
φ4(∞,∞)R+3 (1, 1)R+2 (z, z¯)φ1(0, 0)
〉
=
∫
dp
∑
1,2=±
C
(1)
4[3][p]C
(2)
[−p][2]1
∣∣∣Feβp [1β3 −2β2∆4 ∆1 ] (z)∣∣∣2 (47)
〈
φ4(∞,∞)R+3 (1, 1)φ2(z, z¯)R+1 (0, 0)
〉
=
∫
dp
∑
1,2=±
C
(1)
4[3][p]C
(2)
[−p]2[1]
∣∣∣Feβp [1β3 ∆2∆4 −2β1] (z)∣∣∣2 (48)
〈
R+4 (∞,∞)φ3(1, 1)φ2(z, z¯)R+1 (0, 0)
〉
=
∫
dp
∑
1,2=±
C
(1)
[4]3[p]C
(2)
[−p]2[1]
∣∣∣Feβp [ ∆3 ∆21β4 −2β1] (z)∣∣∣2 (49)
Since the 4-point blocks with R intermediate states are functions of β (6),(3), the momentum
reflection should be taken into account (40),(41).
3.2 Classical limit of the 4-point blocks
Let us now investigate the behavior of the 4-point blocks in the classical limit b→ 0, 2piµb2 →
m = const. A correlation function of two NS superprimary fields (2) and two R primaries (5)
is defined by the path integral with the action (1):
〈R+4 φ3φ2R+1 〉 =
∫
DφSLDψSLDψ¯SL e−SSL[φSL,ψSL]σ+ ea4φSLea3φSLea2φSLσ+ ea1φSL (50)
The twist fields have light weights and thus they do not contribute to the classical limit. If
all the exponential operators have heavy weights ∆ai :
ai =
Q
2
(1− λi), bai → 1− λi
2
, 2b2∆i → δi = 1− λ
2
i
4
,
the correlator has the same asymptotic behavior as the bosonic 4-point function of primary
fields:
〈R+4 φ3φ2R+1 〉 ∼ e−
1
2b2
Scl[δ4,δ3,δ2,δ1],
where Scl[δ4, δ3, δ2, δ1] is the bosonic Liouville action
S[φ] =
1
2pi
∫ (
|∂φ|2 +m2e2φ
)
d2z,
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calculated on the classical configuration ϕ satisfying the Liouville equation with sources
∂∂¯ϕ−m2e2φ =
4∑
1
1− λi
4
δ(z − zi).
The asymptotic behavior of the 3-point structure constants reads:
〈φ3φ2φ1〉 ∼ e−
1
2b2
Scl[δ3,δ2,δ1], 〈φ3φ˜2φ1〉 ∼ 1
b2
e−
1
2b2
Scl[δ4,δ3,δp], (51)
〈φ3R±2 R±1 〉 ∼ e−
1
2b2
Scl[δ3,δ2,δ1],
where Scl[δ, δ2, δ1] is the 3-point classical bosonic Liouville action. The b
−2 coefficient in the
second relation arises due to the fermionic contribution from φ˜2 field (4) [30].
A similar reasoning applied to the 4-point correlator (50) projected on an even-even
subspace of W∆ ⊗ W¯∆¯ yields:
〈R+4 φ3 |ee∆ φ2R+1 〉 ∼ e−
1
2b2
Scl[δ4,δ3,δ2,δ1|δ],
where the ”∆-projected” classical action is given by
Scl[δ4, δ3, δ2, δ1|δ] = Scl[δ4, δ3, δ] + Scl[δ, δ2, δ1]− fδ
[
δ3 δ2
δ4 δ1
]
(z)− f¯δ
[
δ3 δ2
δ4 δ1
]
(z¯)
and fδ
[
δ3 δ2
δ4 δ1
]
(z) is the classical conformal block [12]. The 4-point correlator projected on an
even-even (or odd-odd) subspace of V∆ ⊗ V¯∆¯ has the same behavior:
〈φ4φ3 |ee∆ R+2 R+1 〉 ∼ e−
1
2b2
Scl[δ4,δ3,δ2,δ1|δ], 〈φ4φ3 |oo∆ R+2 R+1 〉 ∼ e−
1
2b2
Scl[δ4,δ3,δ2,δ1|δ].
Thus the equations (45)-(49) together with (51) lead to the following asymptotical behavior
of the 4-point blocks:
F1β
[±β3 ±β2
∆4 ∆1
]
(z) ∼ e
1
2b2
fδ
[
δ3 δ2
δ4 δ1
]
(z)
, F1β
[±β3 ∆2
∆4 ±β1
]
(z) ∼ e
1
2b2
fδ
[
δ3 δ2
δ4 δ1
]
(z)
, (52)
F1β
[
∆4 ∆2
±β3 ±β1
]
(z) ∼ e
1
2b2
fδ
[
δ3 δ2
δ4 δ1
]
(z)
,
F1∆
[
∆3 ±β2
∆4 β1
]
(z) ∼ e
1
2b2
fδ
[
δ3 δ2
δ4 δ1
]
(z)
, F
1
2
∆
[
∆3 ±β2
∆4 β1
]
(z) ∼ bδ e
1
2b2
fδ
[
δ3 δ2
δ4 δ1
]
(z)
. (53)
The coefficient in the last term can be derived analyzing the leading ∆ dependence of the
odd 3-point blocks with an arbitrary NS state from level k [30, 27]
ρNN,o(ν4, ν3, ν∆,LN ) ∼ βi∆k− 12 + . . . , ρ(±)NR,o(ν∆,KM , w+β2 , w+1 ) ∼ ∆k−
1
2 + . . .
3.3 Elliptic recurrence for the blocks with an NS intermediate weight
It follows from the definitions that the coefficients of any type of 4-point blocks with an NS
intermediate weight are polynomials in the external weights ∆i or βi and rational functions
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of ∆ and c. The properties of the inverse Gram matrix imply that any coefficient can be
expressed as a sum over simple poles in ∆ or in the central charge. In particular, for the
coefficients (44) one has:
F kc,∆
[
∆3 ±β2
∆4 β1
]
= hkc,∆
[
∆3 ±β2
∆4 β1
]
+
∑
1≤rs≤2k
r+s∈2N
Rkc,rs
[
∆3 ±β2
∆4 β1
]
∆−∆rs(c)
with ∆rs(c) given by the Kac determinant formula for NS Verma modules:
∆rs(c) = −rs− 1
4
+
1− r2
8
b2 +
1− s2
8
1
b2
, c =
3
2
+ 3
(
b+
1
b
)2
.
In order to calculate the residues it is convenient to choose a specific basis in the NS module
[30]. Let us remind its construction. First, one introduces the states:
χ∆rs =
∑
|K|+|M |= rs
2
χKMrs S−KL−Mν∆
where χKMrs are the coefficients of the singular vector in the standard basis of V∆rs :
χrs =
∑
|K|+|M |= rs
2
χKMrs S−KL−Mν∆rs for r + s ∈ 2N,
The family of states
{
S−LL−Nχ∆rs
}
|L|+|N |=n− rs
2
can be completed to a full basis in the NS
module V∆ at the level n > rs2 . Working in such a basis in the NS module one obtains:
Rkc, rs
[
∆3 ±β2
∆4 β1
]
= lim
∆→∆rs
(∆−∆rs(c))F kc,∆
[
∆3 ±β2
∆4 β1
]
= Ars(c) × (54)
×
∑
|K|+|M |=|L|+|N |=k− rs
2
ρNN,|k|(ν4, ν3, S−LL−Nχrs)
[
G
k− rs
2
c,∆rs+
rs
2
]KM,LN
ρ
(±)
NR,|k|(S−KL−Mχrs, w
+
2 , w
+
1 ),
where the coefficient Ars(c) is given by:
Ars(c) = lim
∆→∆rs
( 〈
χ∆rs|χ∆rs
〉
∆−∆rs(c)
)−1
.
The exact formula for Ars(c) is due to A. Belavin and Al. Zamolodchikov [36]:
Ars(c) = 2
rs−2
r∏
m=1−r
s∏
n=1−s
(
pb+
q
b
)−1
where m+ n ∈ 2Z, (m,n) 6= (0, 0), (r, s). It was proposed on the basis of higher equations of
motion in N = 1 SLFT. The corresponding formula in the bosonic case was recently proved
in [37].
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Due to the factorization property of the 3-point blocks (A.9) the residue (54) is propor-
tional to a coefficient of the same block
Rkc, rs
[
∆3 ±β2
∆4 β1
]
= Ars(c) F
k− rs
2
c,∆rs+
rs
2
[
∆3 ±β2
∆4 β1
]
P rsc
[±β2
β1
]
×
P
rs
c
[
∆3
∆4
]
k ∈ N,
P rsc
[
∗∆3
∆4
]
k ∈ N− 12 ,
(55)
for rs2 ∈ N, and to a coefficient of another block
Rkc, rs
[
∆3 ±β2
∆4 β1
]
= Ars(c) F
k− rs
2
c,∆rs+
rs
2
[
∆3 ∓β2
∆4 β1
]
P rsc
[±β2
β1
]
×
e
ipi
4 P rsc
[
∆3
∆4
]
k ∈ N,
e−i
pi
4 P rsc
[
∗∆3
∆4
]
k ∈ N− 12 ,
(56)
for rs2 ∈ N − 12 . The fusion polynomials P rsc
[
∆ı
∆
]
, P rsc
[
∗∆ı
∆
]
, P rsc
[±βı
β
]
are given by formulae
(A.6).
In order to derive a closed elliptic recurrence for blocks’ coefficients one has to investigate
the large ∆ asymptotic. According to Zamolodchikov’s reasoning [11, 12] the ∆i and c
dependence of the first two terms in the 1∆ expansion can be read from the classical limit of
the superconformal blocks. From the path-integral arguments it follows that in the classical
limit the bosonic classical block occurs (53). It yields the large ∆ asymptotic in the form:
lnFe∆
[
∆3 ±β2
∆4 β1
]
(z) = piτ
(
∆− c
24
)
+
( c
8
−∆1 −∆2 −∆3 −∆4
)
lnK2(z) (57)
+
( c
24
−∆2 −∆3
)
ln(1− z) +
( c
24
−∆1 − ∆2
)
ln(z) + f±(z) +O
(
1
∆
)
,
for the even blocks, and:
lnFo∆
[
∆3 ±β2
∆4 β1
]
(z) = − ln ∆ + piτ
(
∆− c
24
)
+
( c
8
−∆1 −∆2 −∆3 −∆4
)
lnK2(z)
+
( c
24
−∆2 −∆3
)
ln(1− z) +
( c
24
−∆1 − ∆2
)
ln(z) +O
(
1
∆
)
,
for the odd blocks. f±(z) are functions specific for each type of block and independent of ∆i
and c.
Introducing the multiplicative factor which captures all the ∆i and c dependence of non-
singular terms one defines the elliptic blocks:
Fe,o∆
[
∆3 ±β2
∆4 β1
]
(z) = (16q)∆−
c−3/2
24 z
c−3/2
24
−∆1−∆2 (1− z) c−3/224 −∆2−∆3+ 116
× θ
c−3/2
2
−4(∆1+∆2+∆3+∆4)+ 12
3 He,o∆
[
∆3 ±β2
∆4 β1
]
(q). (58)
The elliptic blocks He,o∆
[
∆3 ±β2
∆4 β1
]
(q) can be written as sums over simple poles in ∆. The
residues are given by the corresponding residues of the superconformal blocks (55),(56):
He∆
[
∆3 ±β2
∆4 β1
]
(q) = g± +
∑
r,s>0
r,s∈2N
(16q)
rs
2
Ars(c)P
rs
c
[
∆3
∆4
]
P rsc
[±β2
β1
]
∆−∆rs H
e
∆rs+
rs
2
[
∆3 ±β2
∆4 β1
]
(q)
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(59)
+
∑
r,s>0
r,s∈2N+1
(16q)
rs
2
ei
pi
4 Ars(c)P
rs
c
[
∆3
∆4
]
P rsc
[±β2
β1
]
∆−∆rs H
o
∆rs+
rs
2
[
∆3 ∓β2
∆4 β1
]
(q)
and
Ho∆
[
∆3 ±β2
∆4 β1
]
(q) =
∑
r,s>0
r,s∈2N
(16q)
rs
2
Ars(c)P
rs
c
[
∗∆3
∆4
]
P rsc
[±β2
β1
]
∆−∆rs H
o
∆rs+
rs
2
[
∆3 ±β2
∆4 β1
]
(q)
(60)
+
∑
r,s>0
r,s∈2N+1
(16q)
rs
2
e−i
pi
4 Ars(c)P
rs
c
[
∗∆3
∆4
]
P rsc
[±β2
β1
]
∆−∆rs H
e
∆rs+
rs
2
[
∆3 ∓β2
∆4 β1
]
(q)
Since the functions g± are independent of ∆i and central charge they can be read off from
the special c = 32 blocks. The explicit expressions for the c =
3
2 blocks with the NS external
weights ∆1 = ∆2 =
1
8 and the R external weights ∆3 = ∆4 =
1
16 can be calculated using the
techniques of the chiral superscalar model [38]. In the present case it yields
lim
β0→0
lim
2α→i
lim
b→i
Fe∆
[
∆a ±β0
∆a β0
]
(z) = (16q)∆ [z(1− z)]− 18 θ−13 (q),
which gives
g± = 1.
The recursive representation of the 4-point blocks corresponding to a correlator of four R
fields (42),(43) can be derived in the same way and it reads 8:
Fe/o∆
[±β3 ±β2
β4 β1
]
(z) = (16q)∆−
c−3/2
24 z
c−3/2
24
−∆1−∆2 (1− z) c−3/224 −∆2−∆3 (61)
× θ
c−3/2
2
−4(∆1+∆2+∆3+∆4)
3 He/o∆
[±β3 ±β2
β4 β1
]
(z),
He/o∆
[±β3 ±β2
β4 β1
]
(q) = ge/o +
∑
r,s>0
r,s∈2N
(16q)
rs
2
Ars(c)P
rs
c
[±β3
β4
]
P rsc
[±β2
β1
]
∆−∆rs H
e/o
∆rs+
rs
2
[±β3 ±β2
β4 β1
]
(q)
(62)
−
∑
r,s>0
r,s∈2N+1
(16q)
rs
2
Ars(c)P
rs
c
[±β3
β4
]
P rsc
[±β2
β1
]
∆−∆rs H
o/e
∆rs+
rs
2
[∓β3 ∓β2
β4 β1
]
(q)
where
ge = 1, go = 0.
8We have corrected the corresponding formulae of [27]
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3.4 Elliptic recurrence for the blocks with R intermediate states
The coefficients of the 4-point blocks with R intermediate states are polynomials in the
external weights ∆i or βi and rational functions of c and the intermediate β. The inverse
Gram matrix as a function of the intermediate weight has simple poles at:
∆rs(c) =
c
24
− β2rs(c), βrs(c) =
1
2
√
2
(
rb+
s
b
)
where r, s ∈ N and the sum r + s must be odd. Thus the 4-point blocks can be expressed as
the following sums over simple poles in β:
Fn,ec,β
[±β3 ±β2
∆4 ∆1
]
= hn,ec,β
[±β3 ±β2
∆4 ∆1
]
+
∑
1<rs≤2n
r+s∈2N+1
Rn,+rs
[±β3 ±β2
∆4 ∆1
]
β − βrs(c) +
Rn,−rs
[±β3 ±β2
∆4 ∆1
]
β + βrs(c)
Fn,ec,β
[±β3 ∆2
∆4 ±β1
]
= hn,ec,β
[±β3 ∆2
∆4 ±β1
]
+
∑
1<rs≤2n
r+s∈2N+1
Rn,+rs
[±β3 ∆2
∆4 ±β1
]
β − βrs(c) +
Rn,−rs
[±β3 ∆2
∆4 ±β1
]
β + βrs(c)
Fn,ec,β
[
∆3 ∆2
±β4 ±β1
]
= hn,ec,β
[
∆3 ∆2
±β4 ±β1
]
+
∑
1<rs≤2n
r+s∈2N+1
Rn,+rs
[
∆3 ∆2
±β4 ±β1
]
β − βrs(c) +
Rn,−rs
[
∆3 ∆2
±β4 ±β1
]
]
β + βrs(c)
In order to determine the residues at βrs and −βrs we need to choose a specific basis in the
R module. Let us introduce the states:
χβrs =
∑
|K|+|M |= rs
2
χ+,KMrs S−KL−Mw
+
β for r + s ∈ 2N+ 1,
where χ+,KMrs are the coefficients of the singular vector in the standard basis of W∆rs :
χ+rs =
∑
|K|+|M |= rs
2
χ+,KMrs S−KL−Mw
+
βrs
.
The family of states
{
S−LL−Nχ
β
rs
}
|L|+|N |=n− rs
2
can be completed to a full basis in the R
module W∆ at the level n > rs2 . Working in such a basis one can compute the residues:
Rn,+rs
[±β3 ±β2
∆4 ∆1
]
= lim
β→βrs
(β − βrs(c))Fn,ec,β
[±β3 ±β2
∆4 ∆1
]
= ARrs(c) × (63)
×
∑
|K|+|M |=|L|+|N |=n− rs
2
ρ
(±)
NR,e(ν4, w
+
3 , S−KL−Mχ
+
rs)
[
G
e, n− rs
2
c,∆rs+
rs
2
]KM,LN
ρ
(±)
RN,e(S−LL−Nχ+rs, w
+
2 , ν1),
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and
Rn,−β,rs
[±β3 ±β2
∆4 ∆1
]
= lim
β→−βrs
(β + βrs(c))F
n,e
c,β
[±β3 ±β2
∆4 ∆1
]
= −ARrs(c) × (64)
×
∑
|K|+|M |=|L|+|N |=n− rs
2
ρ
(∓)
NR,e(ν4, w
+
3 , S−KL−Mχ
+
rs)
[
G
e, n− rs
2
c,∆rs+
rs
2
]KM,LN
ρ
(∓)
RN,e(S−LL−Nχ+rs, w
+
2 , ν1)
where we have used the relation between 3-point blocks with opposite signs of βrs (41). The
coefficient ARrs(c):
ARrs(c) = −
1
2βrs
lim
∆→∆rs
(〈
χ+ ∆rs |χ+ ∆rs
〉
∆−∆rs(c)
)−1
.
is of the form [36]:
ARrs(c) = − 2rs−
3
2
r∏
m=1−r
s∏
n=1−s
(
pb+
q
b
)−1
where m + n ∈ 2Z + 1, (m,n) 6= (0, 0). The equations (63),(64) together with factorization
formulae for 3-point blocks (A.11) lead to the expressions for the residues:
Rn,rs
[±β3 ±β2
∆4 ∆1
]
= ARrs(c)P
rs
c
[±β3
∆4
]
P rsc
[±β2
∆1
]
F
m− rs
2
,e
c,β′rs
[±β3 ±β2
∆4 ∆1
]
, (65)
where
β ′rs =
(−1)s
2
√
2
(
rb− s
b
)
(66)
corresponds to the shifted weight ∆rs +
rs
2 and P
rs
c
[±β
∆ı
]
are the fusion polynomials (A.3).
By similar calculation one can determine all the other residues:
Rn,rs
[±β3 ∆2
∆4 ±β1
]
=  (−1) rs2 ARrs(c)P rsc
[±β3
∆4
]
P rsc
[±β1
∆2
]
F
m− rs
2
,e
c,β′rs
[±β3 ∆2
∆4 ±β1
]
(67)
Rn,rs
[
∆3 ∆2
±β4 ±β1
]
= ARrs(c)P
rs
c
[±β4
∆3
]
P rsc
[±β1
∆2
]
F
m− rs
2
,e
c,β′rs
[
∆3 ∆2
±β4 ±β1
]
In order to find a closed recurrence for the 4-point blocks with R intermediate states we
will define the corresponding elliptic blocks. The first step is to determine large β asymptotic
of the 4-point blocks. It follows from Zamolodchikov’s reasoning [12],[30] that the ∆i,βi and
c dependence of the first three terms in the large β expansion of the block is given by the
classical limit. Since in the classical limit the bosonic classical block occurs (52), the linear
in β terms in the large β asymptotic of the 4-point blocks have to be zero. The asymptotic
takes the same form as in the case of the even block Fe∆
[
∆3 ±β2
∆4 β1
]
(z) (57). This suggests the
following definition of the elliptic blocks:
Feβ
[±β3 ±β2
∆4 ∆1
]
(z) = (16q)∆−
c−3/2
24
− 1
16 z
c−3/2
24
−∆1−∆2+ 116 (1− z) c−3/224 −∆2−∆3 (68)
22
× θ
c−3/2
2
−4(∆1+∆2+∆3+∆4)+ 12
3 Heβ
[±β3 ±β2
∆4 ∆1
]
(q),
Feβ
[±β3 ∆2
∆4 ±β1
]
(z) = (16q)∆−
c−3/2
24
− 1
16 z
c−3/2
24
−∆1−∆2+ 116 (1− z) c−3/224 −∆2−∆3+ 116 (69)
× θ
c−3/2
2
−4(∆1+∆2+∆3+∆4)+ 12
3 Heβ
[±β3 ∆2
∆4 ±β1
]
(q)
Feβ
[
∆3 ∆2
±β4 ±β1
]
(z) = (16q)∆−
c−3/2
24
− 1
16 z
c−3/2
24
−∆1−∆2+ 116 (1− z) c−3/224 −∆2−∆3 (70)
× θ
c−3/2
2
−4(∆1+∆2+∆3+∆4)+ 12
3 Heβ
[
∆3 ∆2
±β4 ±β1
]
(q).
The elliptic blocks satisfy recursive relations with the coefficients at residues given by (65),
(67):
Heβ
[±β3 ±β2
∆4 ∆1
]
(q) = f±± +
∑
r,s>0
r+s∈2N+1
(16q)
rs
2
ARrs(c)P
rs
c
[±β3
∆4
]
P rsc
[±β2
∆1
]
β − βrs H
e
β′rs
[±β3 ±β2
∆4 ∆1
]
(q)
−(16q) rs2
ARrs(c)P
rs
c
[∓β3
∆4
]
P rsc
[∓β2
∆1
]
β + βrs
Heβ′rs
[∓β3 ∓β2
∆4 ∆1
]
(q),
Heβ
[±β3 ∆2
∆4 ±β1
]
(q) = g±± +
∑
r,s>0
r+s∈2N+1
(16q)
rs
2
(−1) rs2 ARrs(c)P rsc
[±β3
∆4
]
P rsc
[±β1
∆2
]
β − βrs H
e
β′rs
[±β3 ∆2
∆4 ±β1
]
(q)
(71)
−(16q) rs2
(−1) rs2 ARrs(c)P rsc
[∓β3
∆4
]
P rsc
[∓β1
∆2
]
β + βrs
Heβ′rs
[∓β3 ∆2
∆4 ∓β1
]
(q),
Heβ
[
∆3 ∆2
±β4 ±β1
]
(q) = h±± +
∑
r,s>0
r+s∈2N+1
(16q)
rs
2
ARrs(c)P
rs
c
[±β4
∆3
]
P rsc
[±β1
∆2
]
β − βrs H
e
β′rs
[
∆3 ∆2
±β4 ±β1
]
(q)
(72)
−(16q) rs2
ARrs(c)P
rs
c
[∓β4
∆3
]
P rsc
[∓β1
∆2
]
β + βrs
Heβ′rs
[
∆3 ∆2
∓β4 ∓β1
]
(q).
The independent of ∆i and c functions f±±, g±±, h±± can be deduced from the explicit
expressions for the specific blocks with c = 32 :
lim
β→0
lim
2α→i
lim
b→i
Feβ
[±β ±β
∆a ∆a
]
(z) = lim
β→0
lim
2α→i
lim
b→i
Fe∆
[±β ∆a
∆a ±β
]
(z) = (16q)∆−
1
16 [z(1− z)]− 18 θ−13 (q),
lim
β→0
lim
2α→i
lim
b→i
Fe∆
[
∆a ∆a
±β ±β
]
(z) = (16q)∆−
1
16 z−
1
8 (1− z)− 14 θ−13 (q).
Comparing the formulae above with definitions (68), (69), (70) one gets:
f±± = g±± = h±± = 1,
23
4 Numerical check of bootstrap equations
4.1 Four R fields
The correlation function of 4 R primary fields expressed in terms of elliptic blocks (45), (61)
take the following form:〈
R+4 (∞,∞)R+3 (1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
=
1
2
(zz¯)
c−3/2
24
−∆1−∆2 [(1− z)(1− z¯)] c−3/224 −∆2−∆3 [θ3(q)θ3(q¯)]
c−3/2
2
−4∑i ∆i × f[4][3][2][1](τ, τ¯),
f[4][3][2][1](τ, τ¯) =
∫
dP |16q|P 2
∑
1,2=±
C
(1)
[4][3]PC
(2)
−P [2][1]
(∣∣∣He∆P [1β3 2β2β4 β1](q)∣∣∣2 + ∣∣∣Ho∆P [1β3 2β2β4 β1](q)∣∣∣2) ,
where q(z) = eipiτ and τ is defined by the complete elliptic integral of the first kind K(z):
τ = i
K(1− z)
K(z)
.
The crossing symmetry conditions for the 4-point function (14),(17) read:
f[4][3][2][1](τ, τ¯) = f[3][4][2][1](τ + 1, τ¯ + 1),
f[4][3][2][1](τ, τ¯) = (τ τ¯)
c−3/2
4
−2∑i ∆if[4][1][2][3](−1
τ
,−1
τ¯
). (73)
The first equation can be verified analytically due to the relations:
He∆
[±β3 ±β2
β4 β1
]
(−q) = He∆
[±β4 ±β2
β3 β1
]
(q),
Ho∆
[
β3 ±β2
β4 β1
]
(eipiq) = e−
ipi
2 Ho∆
[
β4 ±β2
β3 β1
]
(q).
which follow from the recursive formula (62) with the fusion polynomials satisfying (A.7).
The second crossing symmetry condition (73) can be checked numerically with the help
of the recursive relations for the blocks (62). In order to simplify calculations one can choose
two different non-zero external weights:
β1 = β3 = − ip1√
2
, β2 = −β4 = − ip2√
2
With such a choice none of blocks vanishes which provides a non-trivial test of the general
recursive formulae. The products of two SLFT structure constants (12), (28) take the form:
C
(1)
[−2][1]PC
(2)
−P [2][1] =
1
4
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−2ip1
b
Υ0Υ
2
R(Q+ 2ip1) ΥR(Q+ 2ip2) ΥR(Q− 2ip2)
× r1,21 (P )
24
n=8
n=9
n=10
2 3 4 5
-0.0015
-0.0010
-0.0005
0.0005
0.0010
0.0015
Figure 1: Numerical check of the bootstrap equation (74)
with the P -dependent part:
r1,21 (P ) = P
2 exp
∫ ∞
0
dt
t
{(
4(p21 + p
2
2)−
Q2
2
)
e−t + cos(Pt)
(
1− coth
(
t
2b
)
coth
(
bt
2
))
− 6 + cos(Pt)
sinh
(
t
2b
)
sinh
(
bt
2
) + 2 cos (Pt2 ) cos (p1t2 ) cos (p2t2 )
sinh
(
t
4b
)
sinh
(
bt
4
) + a1,21 (P, t)
}
a±±1 (P, t) = 0, a
+−
1 (P, t) = − a−+1 (P, t) =
−2 sin (p1t2 ) sin (p2t2 ) cos (Pt2 )
cosh
(
t
4b
)
cosh
(
bt
4
)
The form of the function above follows from the integral representation of Υb (13). The
bootstrap equation (73) reads:
∑
1,2=±
∫
dP |16q|P 2
{
r1,21 (P )
(∣∣∣He∆P [1β1 2β2−β2 β1 ] (q)∣∣∣2 + ∣∣∣Ho∆P [1β1 2β2−β2 β1 ] (q)∣∣∣2)
}
= (τ τ¯)
c−3/2
4 −4(∆1+∆2) (74)
×
∑
1,2=±
∫
dP |16q′|P 2
{
r1,21 (P )
(∣∣∣He∆P [1β1 2β2−β2 β1 ] (q′)∣∣∣2 + ∣∣∣Ho∆P [1β1 2β2−β2 β1 ] (q′)∣∣∣2)
}
where q′ = e−
ipi
τ . Due to the highly oscillatory character of the integrant in the function
r1,21 (P ), the numerical calculations should be carefully performed. We present a check of
this relation for p1 = 0.3, p2 = 0.5, c = 3 (b =
√
−34 + i
√
7
4 ) and for τ along the imaginary
axis in the range [0.2i, 5i]. On Figure 1 the relative difference of the left and the right side of
(74) as a function of τ is plotted. The three curves correspond to the expansions of the even
and the odd elliptic blocks up to the terms qn and qn+
1
2 for n = 8, 9, 10.
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4.2 R intermediate weights
The correlation functions of 2 R primaries and 2 NS superprimary fields (48), (49) written
in terms of elliptic blocks (69), (70) read:〈
φ4(∞,∞)R+3 (1, 1)φ2(z, z¯)R+1 (0, 0)
〉
= (zz¯)
c−3/2
24
−∆1−∆2+ 116
× [(1− z)(1− z¯)] c−3/224 −∆2−∆3+ 116 [θ3(q)θ3(q¯)]
c−3/2
2
−4∑i ∆i+ 12 f4[3]2[1](τ, τ¯)〈
R+4 (∞,∞)φ3(1, 1)φ2(z, z¯)R+1 (0, 0)
〉
= (zz¯)
c−3/2
24
−∆1−∆2+ 116
× [(1− z)(1− z¯)] c−3/224 −∆2−∆3 [θ3(q)θ3(q¯)]
c−3/2
2
−4∑i ∆i+ 12 × f[4]32[1](τ, τ¯),
f4[3]2[1](τ, τ¯) =
∫
dP |16q|P 2
∑
1,2=±
C
(1)
4[3][P ]C
(2)
[−P ]2[1]
∣∣∣HeβP [1β3 ∆2∆4 −2β1] (q)∣∣∣2
f[4]32[1](τ, τ¯) =
∫
dP |16q|P 2
∑
1,2=±
C
(1)
[4]3[P ]C
(2)
[−P ]2[1]
∣∣∣HeβP [ ∆3 ∆21β4 −2β1] (q)∣∣∣2
Crossing symmetry of the 4-point functions (15),(18) implies:
f4[3]2[1](τ, τ¯) = f[3]42[1](τ + 1, τ¯ + 1)
f4[3]2[1](τ, τ¯) = (τ τ¯)
c−3/2
4
−2∑i ∆i+ 14 f4[1]2[3](−1
τ
,−1
τ¯
)
Since the elliptic blocks of the two types are related (71, 72):
Heβ
[±β3 ∆2
∆4 ±β1
]
(q) = Heβ
[
∆4 ∆2
±β3 ±β1
]
(−q)
the first condition is satisfied straightforwardly. The second condition can be verified numer-
ically. For the external weights:
β1 = β3 = − ip1√
2
, α2 =
Q
2
+ ip2, α4 =
Q
2
− ip2
the products of the structure constants read:
C
(1)
−2[1][P ]C
(2)
−[P ]2[1] =
1
4
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−2ip1
b
Υ0Υ
2
R (Q+ 2ip1)
× ΥNR (Q+ 2ip2) ΥNR (Q− 2ip2) r1,22 (P )
with the P -dependent part:
r1,22 (P ) = exp
∫ ∞
0
dt
t
{(
1 + 4(p21 + p
2
2)−
Q2
2
)
e−t − cos (Pt)
(
cosh
(
t
2b
)
+ cosh
(
bt
2
))
+ 6
sinh
(
t
2b
)
sinh
(
bt
2
)
+
2 cos
(
Pt
2
)
cos
(p1t
2
)
cos
(p2t
2
)
sinh
(
t
4b
)
sinh
(
bt
4
) + a1,22 (P, t)
}
a±±2 = 0, a
+−
2 (P, t) = − a−+2 (P, t) =
2 sin
(
Pt
2
)
sin
(p1t
2
)
sin
(p2t
2
)
cosh
(
t
4b
)
cosh
(
bt
4
) .
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Figure 2: Numerical check of the bootstrap equation (75)
Then the bootstrap equation takes the form:∑
1,2=±
∫
dP |16q|P 2 r1,22 (P )
∣∣∣HeβP [1β1 ∆2∆2 −2β1] (q)∣∣∣2 (75)
= (τ τ¯)
c−3/2
4
−4(∆1+∆2)+ 14
∑
1,2=±
∫
dP |16q′|P 2 r1,22 (P )
∣∣∣HeβP [1β1 ∆2∆2 −2β1] (q′)∣∣∣2
We present the sample calculation for p1 = 0.3, p2 = 0.4, c = 3, and for τ in the range
[0.2i, 5i]. The relative difference of the both sides of (75) is plotted on Figure 2. The three
curves correspond to the elliptic blocks expanded up to n = 8, 9, 10 power of q.
4.3 Functions factorized on R and NS states
Finally, we shall consider the bootstrap equation involving 4-point blocks from two different
sectors and all the structure constants of N = 1 SLFT. Using formulae derived in the previous
section (46), (47), (58), (68) one can express the correlation functions of 2 NS and 2 R fields
in terms of elliptic blocks:〈
φ4(∞,∞)φ3(1, 1)R+2 (z, z¯)R+1 (0, 0)
〉
= (zz¯)
c−3/2
24
−∆1−∆2 [(1− z)(1− z¯)] c−3/224 −∆2−∆3+ 116
× [θ3(q)θ3(q¯)]
c−3/2
2
−∑i ∆i+ 12 f43[2][1](τ, τ¯)〈
φ4(∞,∞)R+3 (1, 1)R+2 (z, z¯)φ1(0, 0)
〉
= (zz¯)
c−3/2
24
−∆1−∆2+ 116 [(1− z)(1− z¯)] c−3/224 −∆2−∆3
× [θ3(q)θ3(q¯)]
c−3/2
2
−4∑i ∆i+ 12 f4[3][2]1(τ, τ¯),
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where
f43[2][1](τ, τ¯) =
∫
dP |16q|P 2
∑
=±
{
C43PC
()
−P [2][1]
∣∣∣He∆P [∆3 β2∆4 β1 ] (q)∣∣∣2
−i C˜43PC()−P [2][1]
∣∣∣Ho∆P [∆3 β2∆4 β1 ] (q)∣∣∣2
}
f4[3][2]1(τ, τ¯) =
∫
dP |16q|P 2
∑
1,2=±
C
(1)
4[3][P ]C
(2)
[−P ][2]1
∣∣∣HeβP [1β3 −2β2∆4 ∆1 ] (q)∣∣∣2
The crossing symmetry of the 4-point functions (16), (19) yields:
f43[2][1](τ, τ¯) = f34[2][1](τ + 1, τ¯ + 1)
f43[2][1](τ, τ¯) = (τ τ¯)
c−3/2
4
−2∑i ∆i+ 14 f4[1][2]3(−1
τ
,−1
τ¯
)
The first condition can be checked analytically using the relations:
He∆P
[
∆3 β2
∆4 β1
]
(−q) = He∆P
[
∆4 β2
∆3 β1
]
(q)
Ho∆P
[
∆3 β2
∆4 β1
]
(eipiq) = e
ipi
2 Ho∆P
[
∆4 β2
∆3 β1
]
(q),
which follow from recursions (59),(60) and the properties of fusion polynomials (A.7),(A.8).
The second one can be numerically verified. We will consider a case of two different R fields
and two equal non-zero NS weights:
β1 = − ip1√
2
, β2 = − ip2√
2
, α3 =
Q
2
+ ip3, α4 =
Q
2
− ip3
The structure constants with R intermediate states factorize onto the P-independent part:
C
(1)
−3[1][P ]C
(2)
[−P ][2]3 = r
1,2
3 (P ) × g(pi),
g(pi) =
1
4
(
piµ
2
γ
(
Qb
2
)
b2−2b
2
)Q−ip2−ip1
b
(76)
× Υ0ΥR(Q+ 2ip1) ΥR(Q+ 2ip2) ΥNR(Q+ 2ip3) ΥNR(Q− 2ip3)
and the nontrivial integral
r1,23 (P ) = exp
∫ ∞
0
dt
t
{(
1 + 4p23 + 2(p
2
1 + p
2
2)−
Q2
2
)
e−t − cos (Pt)
(
cosh
(
t
2b
)
+ cosh
(
bt
2
))
+ 6
sinh
(
t
2b
)
sinh
(
bt
2
)
+ cos
(
p3t
2
) [
cos
(
Pt
2
) (
cos
(
p1t
2
)
+ cos
(
p2t
2
))
sinh
(
t
4b
)
sinh
(
bt
4
) + 1 sin (Pt2 ) (sin (p1t2 )− (12) sin (p2t2 ))
cosh
(
t
4b
)
cosh
(
bt
4
) ]}
The structure constants with NS intermediate states have the same P-independent part (76)
C−33PC
()
−P [2][1] = r

4(P ) × g(pi), −i C˜−33PC()−P [2][1] = r˜4(P ) × g(pi).
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Figure 3: Numerical check of the bootstrap equation (77)
The P-dependent parts read:
r4(P ) = P
2 exp
∫ ∞
0
dt
t
{(
4p23 + 2(p
2
1 + p
2
2)−
Q2
2
)
e−t + a+,4 (P, t)
}
r˜4(P ) = P
2 exp
∫ ∞
0
dt
t
{(
1 + 4p23 + 2(p
2
1 + p
2
2)−
Q2
2
)
e−t + a−,4 (P, t)
}
a1,24 (P, t) = cos(Pt)
(
1− coth
(
t
2b
)
coth
(
bt
2
))
− 6 + cos(Pt)
sinh
(
t
2b
)
sinh
(
bt
2
)
+ cos
(
Pt
2
) [
cos2
(
p3t
2
)
+ cos
(
p1t
2
)
cos
(
p2t
2
)
sinh
(
t
4b
)
sinh
(
bt
4
) + 1 cos2 (p3t2 )+ 2 sin (p1t2 ) sin (p2t2 )
cosh
(
t
4b
)
cosh
(
bt
4
) ] .
The bootstrap equation in this case have the following form:
∑
=±
∫
dP |16q|P 2
{
r4(P )
∣∣∣He∆P [∆3 β2∆3 β1 ] (q)∣∣∣2 + r˜4(P ) ∣∣∣Ho∆P [∆3 β2∆3 β1 ] (q)∣∣∣2
}
(77)
= (τ τ¯)
c−3/2
4
−2(∆1+∆2+2∆3)+ 14
∑
1,2=±
∫
dP |16q′|P 2 r1,23 (P )
∣∣∣HeβP [1β1 −2β2∆3 ∆3 ] (q′)∣∣∣2
We present a check of this relation for p1 = 0.2, p2 = 0.4, p3 = 0.3, c = 3, and for τ in
the range [0.2i, 5i]. The relative difference of both sides of (77) is plotted on Figure 3. The
two curves correspond to the elliptic blocks with the NS intermediate states expanded up to
q7, q
13
2 and q8, q
15
2 , respectively. In both cases the elliptic blocks with the R intermediate
states are expanded up to q8.
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Appendix
In this Appendix we collect some useful properties of the 3-point blocks of different types.
3-point blocks with an R singular state
Let us consider the three point correlation functions with a degenerate field R±rs within the
Feigin-Fuchs construction [39]. In this approach the NS superprimary and the R primary
fields are represented by vertex operators in the free superscalar Hilbert space
φλ,λ¯(z, z¯) = e
aφ(z)+a¯φ¯(z¯)
R+
β,β¯
(z, z¯) = eaφ(z)+a¯φ¯(z¯)+i
pi
4 σ+(z, z¯) , R−
β,β¯
(z, z¯) = eaφ(z)+a¯φ¯(z¯)−i
pi
4 σ−(z, z¯)
where a = Q−λ2 or a =
Q
2 −
√
2β for the NS or the R fields, respectively. σ± are the twist
operators of the fermionic sector:
ψ(z)σ±(z, z¯) ∼ 1√
2(z − w) σ
∓(z, z¯) .
The left chiral screening charges are defined by:
Qb =
∮
dz ψ(z)ebφ(z), Q 1
b
=
∮
dz ψ(z)e
1
b
φ(z),
and analogously the ones in the right sector. The 3-point functions with a degenerate R field
and various number of left screening charges take the forms:
C[βrs,δ],(λ2,0),[β1,0] =
〈
Rrsφλ2R

β1
Qkb Q
l
1
b
〉
, k + l ∈ 2N , δ = − 1
2
√
2
(1b + b) ;
C[βrs,δ],(λ2,0),[β1,0] =
〈
Rrsφλ2R

β1
Qkb Q
l
1
b
Q¯b
〉
, k + l ∈ 2N+ 1 , δ = 1
2
√
2
(1b − b).
The charge conservation implies that the structure constants above are non-zero if and only
if the even fusion rules:
β1 +
1
2
√
2
λ2 =
1
2
√
2
(1− r + 2k)b+ 1
2
√
2
(1− s+ 2l)1
b
, k + l ∈ 2N ∪ {0} (A.1)
or the odd fusion rules:
β1 +
1
2
√
2
λ2 =
1
2
√
2
(1− r + 2k)b+ 1
2
√
2
(1− s+ 2l)1
b
, k + l ∈ 2N− 1 (A.2)
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are satisfied (k, l are integers in the range 0 ≤ k ≤ r − 1, 0 ≤ l ≤ s− 1). Moreover, for any
even integer n ∈ 2N one has [27]:〈
ψ(w1) . . . ψ(wn)σ
−(1, 1)σ−(0, 0)
〉
= − 〈ψ(w1) . . . ψ(wn))σ+(1, 1)σ+(0, 0)〉〈
ψ(w1) . . . ψ(wn−1) ψ¯(w¯)σ−(1, 1)σ−(0, 0)
〉
=
〈
ψ(w1) . . . ψ(wn−1) ψ¯(w¯)σ+(1, 1)σ+(0, 0)
〉
Thus if the even fusion rules (A.1) are fulfilled, the structure constants are related
C+(αrs,δ),(β2,0),(β1,0) = −C
−
(αrs,δ),(β2,0),(β1,0)
,
what implies C
(−)
(αrs,δ),(β2,0),(β1,0)
6= 0. Similarly, for the odd fusion rules (A.2) the second
constant does not vanish C
(+)
(αrs,δ),(β2,0),(β1,0)
6= 0.
Consider now a 3-point function with the singular R field. Due to the Ward identities
it can be written in terms of the structure constants and the 3-point blocks (37). Since the
correlator is identically equal to zero, the 3-point blocks have to vanish
ρ
(−)
RRe(χ
+
rs, ν2, w
+
1 ) = 0
for even fusion rules and
ρ
(+)
RRe(χ
+
rs, ν2, w
+
1 ) = 0
for odd fusion rules. An additional information on zeros of the 3-point blocks can be derived
from the property of R fields [20, 27]: R−β = R

β leading to formula
C
(±)
(βrs,δ),(λ2,0),(−β1,0) = C
(∓)
(βrs,δ),(λ2,0),(β1,0)
.
The 3-point block ρ
(+)
RRe(χ
+
rs, ν2, w
+
1 ) has to vanish for the even fusion rules (A.1) and ρ
(−)
RRe(χ
+
rs, ν2, w
+
1 )
for the odd fusion rules (A.2) with the opposite sign of β1 in both cases. This suggests the
following definition of the fusion polynomials:
P rsc
[±β1
∆2
]
=
r−1∏
p=1−r
s−1∏
q=1−s
(
λ2
2
√
2
∓ β1 − pb+ qb
−1
2
√
2
) r−1∏
p′=1−r
s−1∏
q′=1−s
(
λ2
2
√
2
± β1 − p
′b+ q′b−1
2
√
2
)
(A.3)
where the products run over:
p = 1− r + 2k, q = 1− s+ 2l, k + l ∈ 2N ∪ {0} (A.4)
p′ = 1− r + 2k, q′ = 1− s+ 2l, k + l ∈ 2N+ 1
and k, l are integers in the range 0 ≤ k ≤ r − 1, 0 ≤ l ≤ s− 1.
The 3-point blocks in terms of the fusion polynomials read:
ρ
(±)
RRe(χ
+
rs, ν2, w
+
1 ) = (−1)
rs
2 P rsc
[±β1
∆2
]
, (A.5)
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where the proportionality coefficient is set by the singular vector normalization condition 9
and the formula:
ρ
(±)
RRe(L
n
−1w
+, ν2, w
+
1 ) = (∆ + ∆2 −∆1)n, (a)n =
Γ(a+ n)
Γ(a)
A similar reasoning leads to the formulae for other types of 3-point blocks with R singular
state:
ρ
(±)
RRe(w
+
4 , ν3, χ
+
rs) = (−1)
rs
2 P rsc
[±β4
∆3
]
,
ρ
(±)
RNe(χ
+
rs, w
+
2 , ν1) = P
rs
c
[±β2
∆1
]
, ρ
(±)
NRe(ν4, w
+
3 , χ
+
rs) = P
rs
c
[±β3
∆4
]
.
Factorization over an NS singular vector
The fusion polynomials corresponding to 3-point blocks with the singular NS state were
defined in [24],[27]:
P rsc
[
∆2
∆1
]
=
r−1∏
p=1−r
s−1∏
q=1−s
(
λ1 + λ2 − pb− qb−1
2
√
2
)(
λ1 − λ2 − pb− qb−1
2
√
2
)
P rsc
[
∗∆2
∆1
]
=
r−1∏
p′=1−r
s−1∏
q′=1−s
(
λ1 + λ2 − p′b− q′b−1
2
√
2
)(
λ1 − λ2 − p′b− q′b−1
2
√
2
)
(A.6)
P rsc
[±β2
β1
]
=
r−1∏
p=1−r
s−1∏
q=1−s
(
β1 ∓ β2 − pb+ qb
−1
2
√
2
) r−1∏
p′=1−r
s−1∏
q′=1−s
(
β1 ± β2 − p
′b+ q′b−1
2
√
2
)
,
where the (p, q) and (p′, q′) correspond to the even and the odd fusion rules, respectively
(A.4). The number of possible pairs in the products is given by
#(p, q)rs =

(
rs+1
2
)
,(
rs
2
)
,
#(p′, q′)rs =

(
rs−1
2
)
,(
rs
2
)
,
where r, s ∈ 2N+ 1 for upper lines and r, s ∈ 2N for lower lines. The fusion polynomials with
interchanged weights are related to each other in the following way:
P rsc
[
β2
β1
]
= (−1)#(p,q)rs P rsc
[
β1
β2
]
, P rsc
[−β2
β1
]
= (−1)#(p′,q′)rs P rsc
[−β1
β2
]
, (A.7)
P rsc
[
∆2
∆1
]
= (−1)#(p,q)rs P rsc
[
∆1
∆2
]
, P rsc
[
∗∆2
∆1
]
= (−1)#(p′,q′)rs P rsc
[
∗∆1
∆2
]
. (A.8)
The factorization of 3-point blocks over the NS singular state is given by the following for-
mulae [24],[27]:
ρNN,e(ν4, ν3, S−LL−Nχrs) = P rsc
[
∆3
∆4
]
×
ρNN,e(ν4, ν3, S−LL−Nν∆rs+ rs2 ),ρNN,o(ν4, ν3, S−LL−Nν∆rs+ rs2 ),
9The singular vectors are normalized such that χ+rs = L
rs
2
−1w
+
rs + . . .
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ρNN,o(ν4, ν3, S−LL−Nχrs) = P rsc
[
∗∆3
∆4
]
×
ρNN,o(ν4, ν3, S−LL−Nν∆rs+ rs2 ),ρNN,e(ν4, ν3, S−LL−Nν∆rs+ rs2 ), (A.9)
ρ
(±)
NR,e(S−LL−Nχrs, w+2 , w
+
1 ) = P
rs
c
[±β2
β1
]
×
ρ
(±)
NR,e(S−LL−Nν∆rs+ rs2 , w
+
2 , w
+
1 ),
ei
pi
4 ρ
(∓)
NRo(S−LL−Nν∆rs+ rs2 , w
+
2 , w
+
1 ),
ρ
(±)
NR,o(S−LL−Nχrs, w+2 , w
+
1 ) = P
rs
c
[±β2
β1
]
×
ρ
(±)
NR,o(S−LL−Nν∆rs+ rs2 , w
+
2 , w
+
1 ),
e−i
pi
4 ρ
(∓)
NRe(S−LL−Nν∆rs+ rs2 , w
+
2 , w
+
1 ),
ρ
(±)
RN,e(w
+
4 , w
+
3 , S−LL−Nχrs) = P
rs
c
[±β3
β4
]
×
ρ
(±)
RN,e(w
+
4 , w
+
3 , S−LL−Nν∆rs+ rs2 ),
−e−ipi4 ρ(∓)RNo(w+4 , w+3 , S−LL−Nν∆rs+ rs2 ),
ρ
(±)
RN,o(w
+
4 , w
+
3 , S−LL−Nχrs) = P
rs
c
[±β3
β4
]
×
ρ
(±)
RN,o(w
+
4 , w
+
3 , S−LL−Nν∆rs+ rs2 ),
−eipi4 ρ(∓)RNe(w+4 , w+3 , S−LL−Nν∆rs+ rs2 ),
where the upper and lower lines correspond to rs2 ∈ N and rs2 ∈ N+ 12 , respectively.
Factorization over an R singular vector
There are two independent singular vectors χ±rs on the same level in the R moduleW∆rs . Let
us introduce the operator Drs generating the even singular vector:
χ+rs = Drsw
+
rs
Then the odd singular vector is defined as χ−rs =
ei
pi
4
iβ′ S0χ
+
rs with β
′ given by (66). There is
however a second odd singular vector DrsS0w
+
rs on the same level. It follows from the general
properties of R singular vectors discussed in [35] that these two odd vectors are proportional
to each other:
S0Drsw
+
rs = (−1)s
rb2 − s
rb2 + s
Drs S0w
+
rs
The proportionality coefficient can be easily recognized as the quotient β′rs/βrs, what leads
to the useful relation
χ−rs = Drsw
−
rs. (A.10)
With the help of this identity one can compute the factorization of 3-point blocks over an R
singular state. The Ward identities for the 3-form %RR,e imply:
%RR(S−LL−Nχ+rs, ν2, w
+
1 ) = ρ
++
RR (S−LL−Nw
+
∆rs+
rs
2
, ν2, w
+
1 )%RR(χ
+
rs, ν2, w
+
1 )
+ ρ−−RR (S−LL−Nw
+
∆rs+
rs
2
, ν2, w
+
1 )%RR(χ
−
rs, ν2, w
−
1 )
%RR(χ
+
rs, ν2, w
+
1 ) = ρ
++
RR (χ
+, ν, w+)%RR(w
+
rs, ν, w
+) + ρ−−RR (χ
+, ν, w+)%RR(w
−
rs, ν, w
−)
%RR(χ
−
rs, ν2, w
−
1 ) = ρ
++
RR (χ
−, ν, w−)%RR(w+rs, ν, w
+) + ρ−−RR (χ
−, ν, w−)%RR(w−rs, ν, w
−)
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Using the identity (A.10) and the properties of the 3-point blocks ρıRR,e (33) one gets the
factorization formula:
ρ
(±)
RR,e(S−LL−Nχ+rs, ν2, w
+
1 ) = ρ
(±)
RR,e(S−LL−Nw+∆rs+ rs2
, ν2, w
+
1 ) ρ
(±)
RR,e(χ
+
rs, ν2, w
+
1 ).
Expressing the 3-point blocks with the singular state in terms of the fusion polynomials (A.5)
we obtain:
ρ
(±)
RR,e(S−LL−Nχ+rs, ν2, w
+
1 ) = (−1)
rs
2 P rsc
[±β1
∆2
]
ρ
(±)
RR,e(S−LL−Nw+∆rs+ rs2
, ν2, w
+
1 )
and similarly:
ρ
(±)
RR,e(w
+
4 , ν3, S−LL−Nχ
+
rs) = (−1)
rs
2 P rsc
[±β4
∆3
]
ρ
(±)
RR,e(w
+
4 , ν3, S−LL−Nw
+
∆rs+
rs
2
)
ρ
(±)
NR,e(ν4, w
+
3 , S−LL−Nχ
+
rs) = P
rs
c
[±β3
∆4
]
ρ
(±)
NR,e(ν4, w
+
3 , S−LL−Nw
+
∆rs+
rs
2
) (A.11)
ρ
(±)
RN,e(S−LL−Nχ+rs, w
+
2 , ν1) = P
rs
c
[±β2
∆1
]
ρ
(±)
RN,e(S−LL−Nw+∆rs+ rs2
, w+2 , ν1).
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